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ABSTRACT
I-Magic Labelings of Cubic Trees and /i-Caterpillars
by
John Thomas Ethier
Dr. Michelle Schultz, Examination Committee Chair 
Assistant Professor o f Mathematics 
University o f Nevada, Las Vegas
Let G be a graph with q edges, then an edge labeling Z: E->  {1, 2 , . . is a 
bijection from the set o f edges E  to the set o f natural numbers less than or equal to q. A 
graph is said to be I-magic if there exists an edge labeling such that the sum of all edge 
labels incident to each internal vertex has the same value, and this value is called the 
magic index t, while the labeling is called an I-magic labeling. It has been conjectured 
that all cubic trees are I-magic. In this paper, we develop methods for finding I-magic 
labelings and determine boundary conditions for the magic index of given trees. We also 
classify an infinite subclass o f cubic trees which are I-magic, namely cubic caterpillars. 
Furthermore, we classify all «-caterpillars as I-magic for « > 3 .
in
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CHAPTER 1 
INTRODUCTION
A graph G is a finite nonempty set V(G) of objects called vertices together with a 
set E(G) of unordered pairs of distinct vertices called edges. Figure 1.1(a) shows a graph 
with F=  {a, b, c, d} and E= {{a, b), {a, c}, {a, d}, {b, d}, {c, (/}}. If x=  {u, v}e 
E(G), for u, V e V{G), we say that u and v are adjacent vertices, and that vertex u and 
edge X are incident with each other. For simplicity, we will use uv for the edge {u, v}.
The degree d(v) of a vertex v is the number o f edges with which v is incident. For the 
graph in Figure 1.1(a), vertex a and b are considered adjacent and d{d) = 3.
dc
(a) (b)
Figure 1.1 Example of (a) a Graph and (b) a Tree.
A walk of a graph is an alternating sequence of vertices and edges, starting and 
ending with vertices, in which each edge is incident with the two vertices immediately
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
proceeding and following it. A walk is called a path if all of the vertices are distinct. If 
the beginning vertex is the same as the ending vertex, then the walk is said to be closed.
A cycle is a closed walk with distinct vertices. For the graph in Figure 1.1(a), an example 
of a walk is a, ab, b, bd, d, dc, c. For the same graph, a cycle is a, ab, b, bd, d, dc, c, ca, 
a.
A graph G is connected if w, v e  V(G) implies there exists a path in G joining 
u to V. We can now define one of the most widely used special types o f graphs; a tree. A 
tree is a connected graph with no cycles. Figure 1.1(b) depicts a tree; whereas Figure 
1.1(a) is not a tree since it contains a cycle. In this paper, the graphs we will be working 
with will all be trees. It is easily shown by induction on the number o f vertices, that the 
number of vertices in a tree is one larger than the number of edges. For more on Theorem 
1.1 and the other basic concepts of graph theory see White [2]
Theorem 1.1 If G is a tree withp  vertices and q edges, thenp  = q + \ .
If the removal of a vertex and all edges incident to that vertex leaves us with a 
connected graph then we shall call that vertex external; otherwise the vertex shall be 
called internal. Any edge incident with an external vertex shall be called an external 
edge; whereas an edge is called internal if it incident with two internal vertices. In Figure 
1.1(b), the vertices a, c, d , f  g  are external vertices; b and e are internal vertices. Also in 
Figure 1.1(b), be is the only internal edge.
A specific type of tree that we will be working with in this paper is a caterpillar. A 
caterpillar is a tree such that the removal o f all external edges and external vertices leaves
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
a path. Figure 1.2(a) shows an example of a caterpillar; whereas Figure 1.2(b) depicts a 
tree which is not a caterpillar.
If the degree of each internal vertex is three, then we shall call the tree cubic. 
Notice that both trees in Figure 1.2 are cubic. Furthermore, if the degree of each internal 
vertex is equal to some other integer n, then we shall call the graph an w-tree or an n- 
caterpillar.
Let G be a graph with q edges, then an edge labeling Z,: {1, 2 , . . . ,  ^} is a
bijection from the set of edges E  to the set o f natural numbers less than or equal to q. A  
graph is said to be I-magic if there exists an edge labeling such that the sum of all edge 
labels incident to each internal vertex has the same value, and this value is called the 
magic index t, while the labeling is called an I-magic labeling. This concept was 
introduced by Lee [1].
b
(a) (b)
Figure 1.2 Example of (a) a Caterpillar and (b) a Tree Which Is Not a Caterpillar.
Figure 1.3 depicts a graph with two different edge labelings. Figure 1.3(a) shows 
an edge labeling with the vertices b and c having values o f 6 and 11 respectively; whereas
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Figure 1.3(b) shows an edge labeling with each internal vertex having the same value of 
8. Hence we see that the graph in Figure 1.3 is I-magic.
A question that arises is what types of graphs are I-magic. Perhaps if a graph has a 
certain structure then it will be I-magic. The graph in Figure 1.3 is a tree, so we might be 
tempted to conjecture that all trees are I-magic. This conjecture inevitably proves to be 
false, since we can easily find a counterexample.
a
e -
1 b 2 c 5 d
ft
a 2 b
e----
5
4 ft
3  d
— e
(a) (b)
Figure 1.3 Example of (a) an Edge Labeling and (b) an I-Magic Labeling.
Theorem 1.2 No path with more than two edges is I-magic.
Proof: Let G be a path with q > 2  edges and Z:E '—>{1,2, . . . , ^ } b e a n  I-magic 
labeling with a magic index of t. Let e , , g ; , e, be three consecutive edges of G. For any 
value we (1, 2 , . . . ,  ^}, if ^(gj) = n then by definition of I-magic, we have that 
Z(g,) = {t-ri) and Z(g^) = ( t - n ) . But this contradicts the fact that Z is a bijection; 
hence no I-magic labeling exists. □
Hence we see that the simplest types of trees, namely paths, are not I-magic. For a 
path, the degree of each internal vertex is two. We can see in the proof of Theorem 1.2
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
5that this small value for the degree is a major problem. Since each vertex is incident with 
only two edges, it follows that once one edge is labeled, the other edge label is forced by 
the magic index. If we simply add more edges to each internal vertex perhaps this will 
solve the problem, but how many edges should we add?
It has been conjectured that we do not need to add all that much; in fact only one 
extra edge to each internal vertex will do. Lee [1] has conjectured that all cubic trees are 
I-magic. In this thesis, we will prove some special cases o f this conjecture as well as 
classify other types of trees which are I-magic. We will also generate some formulas for 
finding the bounds of the magic index for certain classes of graphs as well as develop 
some methods for finding specific I-magic labelings.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 2
PROPERTIES OF I-MAGIC CUBIC GRAPHS 
In this chapter we develop some methods for finding I-magic labels. We begin 
with an examination of the magic index for given graphs; specifically, the bounds for the 
magic index of cubic trees. For example, if we are trying to find an I-magic labeling for a 
cubic tree with five edges, such as in Figure 1.3, it would be frivolous to search for a 
labeling with magic index t = 100. Since each vertex only has three incident edges, the 
highest possible total any vertex could receive would be 3 + 4  + 5 = 12. However, 12 is 
still too large a magic index since we would be unable to sum the other internal vertex to 
12 (the largest value we could obtain for our second vertex would be 1 + 2 + 5 = 8).
In order to determine the bounds for the magic index o f any cubic tree, we need to 
learn more about their basic properties.
Q —  1Theorem 2.1 If G is a cubic tree with q edges and p,  internal vertices, then p,  = - —
Proof: Let p^  denote the number o f external vertices. First notice that the 
internal and external vertices form a partition o f the set the vertices so that p =  p, +Pe - 
By Theorem 1.1 we have that q= p - \  and therefore q= p, + p ^ - \ .  Now, we examine 
the sum 3p, + Pe - Notice that this counts twice the number of edges in G. Since each 
internal vertex is incident with three edges, we have the term 3/7, and the second term
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Pe counts the edges that are incident with an external vertex. So each internal edge is 
counted once for each of the two internal vertices it is incident with, and each external 
edge is counted once for the internal vertex and once for the external vertex it is incident 
with.
Hence we have that
or
so that
Thus since
we have
or
'^Pi +Pe= H
^Pi + P e ^ ^ ( P i + F g - l X
Pe = P , +  2.
Pi + (P i + 2 ) - L
Corollary 2.2 Let G be a cubic tree, then G has q = 2 k + \  edges, where /t € N .
Proof; Let G be a cubic tree with q - 2 k  edges. Then by Theorem 2.1, we have
q — \ 2^ 7 — 1
that p, = = —-— . Since Z € N , then , the number of internal vertices, is not an
integer; a contradiction. □
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Theorem 2.3 Let G be a tree with p,  internal vertices and q, internal edges, then 
qi = F / -1 -
Proof: Let G be a tree with p  vertices and q edges. Let denote the set o f all of 
the external vertices of G. Then G -  is a tree with p,  vertices and q, edges. Then by 
Theorem 1.1 we have that pj = q,+ 1, or q, = p , - \ .  n
q - 3Corollary 2.4 If G is a tree with q edges and q, internal edges, then q, =  ----
Proof: By Theorem 2.3, we have that q, = -1  and by Theorem 2.1 we have
that pj = - —-. Thus we have that q, = - —- -  1 = - —-  . o
Theorem 2.5 Let G be a cubic tree with an I-magic labeling with magic index t. Let 
q ~3( l < / <  ^  ) denote the distinct edge labels assigned to the internal edges of G. Then 
Pj-t = J z + 2 ] / , .
k=\ /=i
Proof: Suppose that we have an I-magic labeling assignment with magic index t. 
If we take the summation of the magic index t for each of the internal vertices, then we 
obtain the product p , - t . Notice that this product is obtained by adding the edge labels for
each of the external edges once and each of the internal edges twice (once for each 
internal vertex the edge is incident to).
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Hence, we have that the product p , ' t  is equal to the sum of all of the edge labels 
plus the sum of the internal edge labels. Since the labeling assignment is a bijection we
have that the sum of all o f the edge labels is equal t o l + 2  + 3 + . . . + ^ = ^ A :  .
q -3  
9 2
Therefore we have p , - t  = + .o
/=1
9
In Theorem 2.5, notice that for a given tree G, the values of p,  and are
k=\
fixed. Thus the magic index t is dependent on the labels assigned to the internal edges. 
Thus we may easily obtain bounds for a magic index t.
Theorem 2.6 If G is an I-magic cubic tree with magic index t, then
'5 g :+ 3 ' <t< l q ^ - \ 5
4 g - 4 4 # - 4
Proof: Notice that t is minimized by using the smallest possible values for the 
internal edges. Thus we have that:
g~3 
9 2
Pi-t
k=\ /=!
or
q - \  {q + \)q f  
2 2
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so that
or
9zi,>(9±])9+u2+.. .+«:i
_ (9 + 1)9 , (9 - 1)(9- 3)— 1 .
2 8
4(9 - 1> > 4(g + \)q + { q -  \){q -  3),
„ . V  + 3
4 g - 4
By a similar argument, notice that the maximum value for t is achieved by 
assigning the largest possible numbers for the internal edges. Hence we obtain
Y , < ^ + 9  + (9 - , )+ . . .+ (9 -Y  + ')
(9 + ,)9 , ( 2 9 - ^ + ' ) ( ^ )
—  1 ,
or
so that
4(g-1)/ <A{q + \)q + {Aq- ( ^ -3 )  + 2){q-3) = lq^ -  \5
Aq — 4
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
11
Since t is obtained by taking the sum of integers, we know that t is an integer 
itself. Hence we have that —---- - <t< —----- — . □'5g2+3 ' 7 g :-1 5
4 g - 4 4 g - 4
Another important value that we are interested in examining is the average magic 
index which we denote by L • For a graph with q edges, the expected value that any edge
would be assigned is . For a cubic tree, each internal vertex has three incident edges, 
each of which has an expectant value of , and thus on average each internal vertex 
would have a sum of -- - - - - - . Thus, for a cubic tree with q edges we see that
=
% + l )
Table 2.1 Bounds for the Magic Index of Cubic Trees
9 Minimum t Average t Maximi
3 6 6 6
5 8 9 10
7 11 12 13
9 13 15 17
11 16 18 20
13 18 21 24
15 21 24 27
17 23 27 31
19 26 30 34
21 28 33 38
23 31 36 41
25 33 39 45
27 36 42 48
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Table 2.1 shows the bounds for the magic index t for a cubic tree with q edges, as 
well as the average magic index for each q. Notice that ^  is the arithmetic average of the 
minimum and maximum bounds for each q.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 3
EXAMPLES OF I-MAGIC CUBIC TREES 
In this chapter we start to find I-magic labelings for specific cubic trees, namely 
all cubic trees with q < 9 . Moreover, we shall find every I-magic label for each o f these 
trees and calculate the probability o f a random edge labeling of certain graphs being I- 
magic. By finding these labelings, we hope to find some insight into the basic workings 
of I-magic labelings and perhaps find some patterns in their occurrence.
We begin with the simplest cubic tree, one with q = 3. All cubic trees with q = 3 
are of the form depicted in Figure 3.1a. Notice that this graph has only one internal 
vertex, and thus regardless o f how the edges are labeled, each internal vertex will sum to 
the same value. Since all possible labelings are I-magic, we have that the probability that 
a random labeling of a cubic tree with ^ = 3 is I-magic equals 1.
(a) (b)
Figure 3.1 Cubic Trees with (a) Three Edges and (b) Five Edges.
13
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Next we examine cubic trees with ç = 5 . All cubic trees with ^ = 5 are of the
5
form depicted in Figure 3.1b. By Theorem 2.5 we have that 2t = ^A : + /i = 15 + /, (3.1).
i=i
This implies that /, must be labeled with an odd number in order to get the left-hand side 
o f the equation (3.1) to be even. Hence we have that /, must be labeled 1 ,3 ,or 5 and by 
equation (3.1) these will correspond to t having values of 8, 9, and 10 respectively.
With /, = 1 and f = 8, we have that each internal vertex needs a total o f 7 fi'om the
two remaining incident edges. It is easy to see that there is only one way to partition the 
set of remaining integers {2, 3,4,5} into two sets, each of which sum to 7; {2, 5} and {3, 
4). Hence, once we have labeled the internal edge, we see that the external edges are 
forced to be labeled in a specific manner by the magic index calculated by equation (3.1). 
Equation (3.1) also lets us know that /, must be labeled 1 in order for us to obtain
a magic index o f 8, and since the rest of the edges can only be labeled as mentioned 
above, we know that we have found all possible I-magic labelings for a magic index of 8. 
By performing similar caleulations we can find all possible I-magic labelings for / = 9 
and t = 10. Figure 3.2 depicts all o f these basic forms.
1
(a ) /  = 8 (b ) /  = 9 (c) f = 10
Figure 3.2 I-Magic Labelings o f a Cubic Tree with Five Edges.
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Although Figure 3.2 depicts all o f the basic forms of I-magic labelings, it does not 
depict every possible I-magic labeling. For example, in Figure 3.2(a) if the edge 
assignments for 2 and 5 are switched, it is still an I-magic labeling. Also we could switch 
the assignments for the 3 and 4 or even flip the entire graph around, placing the 3 and 4 
on the left-hand side. However, it still has the same basic form, namely /, is still labeled 
1 and the other integers are still partitioned in the same manner.
Thus for each of our basic forms, we have multiple representations. We have two 
choices for placing the set {2,5} either on the left or right side, two more choices for the 
placement of the integers on the left side, and two choices for the placement of integers 
on the right. By the multiplication rule, we therefore have a total o f 8 representations for 
each of our basic forms, for a total o f 24 I-magic labelings of a cubic tree with 9  = 5. 
Since there are 5 ! total ways of randomly labeling the edges o f this cubic tree, we have
24that the probability that a random labeling will be I-magic is —  = 0.2.
Now we move on to cubic trees with ^ = 7. All cubic trees with q = l  are o f the 
form depicted in Figure 3.3. By Theorem 2.5 we have that /, + = 3/ -  28, thus 
Z,+/2 = 3 / -2 8  (3.2).
a b /, c  /j d e
# --------- e -  ' e — - -
Figure 3.3 A Cubic Tree with Seven Edges.
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Our work in the previous chapter has shown us that 11 < / < 13. Beginning with 
t = 11, we have from equation (3.2) that = 3(11)- 28 = 5 . From our set {1, 2, 3, 4,
5, 6, 7}, there are only two possible choices of subsets for {/,, 1^}: {1,4} or {2, 3}.
If we have that {/,, 4} = {h 4}, then since vertex c must have a sum of 11, eg is 
forced to be labeled 11 -  (1 + 4) = 6. Now notice that vertex b needs a total of 11-1 = 10 
from edges ab and bf, and vertex needs a total of 11-4  = 7 from edges de and dh. Thus 
we must partition our set of remaining integers {2, 3, 5, 7} into two sets of two, one of 
which sums to 10 and the other summing to 7. It is easy to see that there is only one way 
of doing so, namely our subsets being {3, 7} and {2, 5}.
Once again, we see that once we have labeled our internal edges, the rest of the 
edge assignments fall into place. Also if we start with {/,, ^} = {2, 3}, we get similar 
results. In this case eg is forced to be labeled 11 -  (2 + 3) = 6, and we must partition the 
set {1, 4, 5, 7} into sets summing to 8 and 9. Once again, there is only one way of doing 
so: {1, 7} and {4, 5}. Figure 3.4 depicts all of the basic forms of I-magic cubic trees with 
9  = 7 and t = 11.
(a) (to
Figure 3.4 I-Magic Labelings of Cubic Trees with Seven Edges and / = 11.
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Next we cover the case o f f  = 12. Equation (3.2) gives us /, + 4 = 3(12)-28 = 8. 
From our set {1, 2, 3, 4, 5, 6, 7}, there are three possible choices of subsets for {/,, l }^-. 
{1, 7}, {2, 6}, and (3, 5}.
Once again, as soon as the internal edges are labeled, then in Figure 3.3 eg 
is forced to be assigned 12-8 = 4. Following similar arguments earlier in this chapter, it 
is easy to see that once these three edges are labeled the remaining edge labels are 
determined. Figure 3.5 depicts the three basic forms for I-magic graphs with q = l  and 
f = 12.
4
(a) (b)
7 3 5 1
(c)
Figure 3.5 I-Magic Labelings of Cubic Trees with Seven Edges and / = 12.
Now we cover the last case o f f  = 13. Equation (3.2) gives us 
A + 4  = 3(13)-28 = 11. From our set {1, 2, 3, 4, 5, 6, 7}, there are only two possible 
choices o f subsets for {/,, l^}\ (7, 4} or {6, 5}. By following the same arguments as
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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before, we see that once the internal edges are labeled all of the other edge labels are 
forced, and we arrive at two basic forms for f = 13. Figure 3.6 depicts these two basic 
forms.
5 6
•  #
(a) (b)
Figure 3.6 I-Magic Labelings o f Cubic Trees with Seven Edges and / = 13.
This gives us a total of seven basic forms for I-magic cubic trees with 9  = 7, two 
each for the minimum and maximum magic indices and three for the average magic 
index. Just as in the case o f ^ = 5 , each of these basic forms corresponds to multiple 
representations. For each basic form, we have two choices of labeling the internal edges; 
i.e. we can place the smaller number on /, or ^ • Although the edge eg is forced at this
point we do have two choices for labeling the edges incident with /, and two more for
those incident with . By the multiplication rule, this gives us eight representations for
each of our basic forms. Since there are 7! total ways of randomly labeling the edges of 
this cubic tree, we have that the probability that a random labeling will be I-magic is
—  = o.on.
7!
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Next we examine cubic trees with # = 9 . In our previous cases, for each value of 
q there existed only one type of tree; however for a cubic tree with nine edges there are 
two non-isomorphic cubic trees. Figure 3.7 depicts these two types of trees. Notice the 
position of the internal edges is what distinguishes these two trees. The one labeled 7] 
has all three of its internal edges incident with an internal vertex; whereas has the
internal edges in a path. This difference is significant and has a powerful impact on the 
choices of magic indices for each tree.
b d
(b)7;
Figure 3.7 Cubic Trees with Nine Edges.
Beginning with 7], we once again use Theorem 2.5 to arrive at the equation
9
/, + 4 + 4 = 4r-  ^  Â: = 4r -  45 (3.3). Now notice that \ , I2 , and ^ are all incident to an
k-\
internal vertex, so thus in order to have an I-magic graph we know that /, + + /j = /. 
Plugging this information into (3.3) gives us t = 4 t -4 5  or t = 15. Hence the structure of
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7] determines its magic index and does not allow for any of the other values within the 
bounds determined by its size alone.
Once again, we start by finding the labels for \ , l j ,  and . We have eight distinct
choices for the set {/,, 1^ , : {1,5, 9}, {1, 6, 8}, {2,4, 9}, {2, 5, 8}, (2, 6, 7}, {3, 4, 8},
{3, 5, 7}, and {4, 5, 6}. As usual, once the internal edges are labeled, most of the edges 
are forced to take on certain values. The following arguments explain how these edges 
are forced for each of the choices for {/,, / j}.
For (1, 5, 9}, depicted in Figure 3.8(a), we begin with the external edges adjacent 
with the edge labeled 9. Notice that neither of these edges can be labeled with an 8, 7, or 
6 since these values would not allow us to achieve the value t = 15 at the internal vertex 
incident with these two edges. Also, we know that 3 cannot be assigned to either of these 
edges, since once it would be assigned to one edge it would also have to be assigned to 
the other in order to achieve our magic index, contradicting the fact that our edge 
assignment is a bijection. This leaves the values of 2 and 4 for these two edges, and once 
these edges are assigned, there exists only one way to partition our remaining integers {3, 
6, 7, 8} to achieve an I-magic labeling.
At this time we note that there are multiple ways of “forcing” the external edges; 
for example one could start with the edges adjacent to the edge labeled 1 instead of 9. In 
fact for {1, 6, 8}, depicted in Figure 3.8(b), rather than starting with the largest value 8, 
we will begin with the smallest value 1. We know that the two external edges adjacent to 
this edge must sum to a value o f 14, and from our remaining integers only two values do 
so: 5 and 9. Once again, once these values are placed the other edges can only be 
assigned in one way.
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8 7 4 2
6 1 5 3 3 8 6 7
forced
(a)
forced
Figure 3.8 I-Magic Labelings of 7] with (a) (1, 5, 9} and (b) (1, 6, 8}.
Next we consider the case of (2, 4, 9} depicted in Figure 3.9(a). We see that the 
external edges adjacent to the edge labeled 9 are forced to be labeled 1 and 5 since values 
3, 6, 7, and 8 are not possible by reasons mentioned before. After these edges are labeled, 
the rest fall into place.
7 8 9 8
6 2 4 3 4 2 6 1
forced
(a)
forced
Figure 3.9 I-Magic Labelings of with (a) (2, 4, 9} and (b) {2, 6, 7}.
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In the case of {2, 6, 7}, depicted in Figure 3.9(b), we begin with the edges 
adjacent to the edge labeled 7. Here 8 and 9 are not possible since r = 15. Also 1 and 4 
are not possible since these values would force the other external edge adjacent to 7 to be 
labeled 7 and 4 respectively, both of which contradict our assignment being a bijection.
In our next two cases (3, 4, 8} and {3, 5, 7}, depicted in Figure 3.10(a) and (b) 
respectively, we start with the external edges adjacent to the edge labeled 3. In both cases 
1 and 2 are not possible since they would not allow us to arrive at the magic index of 15. 
Also in both cases 6 and 9 are not possible since they would require one integer to be 
used twice, contradicting our bijection property. Thus for {3, 4, 8} our edges are forced 
to be labeled 5 and 7, and for {3, 5, 7} they are forced to be 4 and 8.
9 9
8 4 2 1 5 7
forced
(a)
forced
Figure 3.101-Magic Labelings o f with (a) (3, 4, 8} and (b) (3, 5, 7}.
In our final two cases no edges are specifically forced. We begin with {2, 5, 8} 
which has two I-magic labelings, depicted in Figure 3.11(a) and (b). Since none of the 
edges are forced, we can begin at any of the external edges. Starting with the external
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
23
edges adjacent to the edge labeled 8 , we see that these two edges must sum to 15 -8  = 7. 
There are two ways of picking such a subset from our remaining integers: {1,6} and {3, 
4}. Once these values are assigned, the rest o f the edge labels are determined.
(a)
4
8 2
9 /
(b)
1 8 7
9 5 4 3 3 5 4
(0)
8  /
(d)
Figure 3.11 I-Magic Labelings o f T^  with (a-b) (2, 5, 8 } and (c-d) {4, 5, 6 ).
We have similar results for the case of (4, 5, 6 }, which is depicted in Figure 
3.11(c) and (d). Once again, no edge is specifically forced. Here we begin with the 
external edges adjacent to the edge labeled 6 . We see that we need the two edges to sum 
to 9 giving us the choices o f {1, 8 } or {2, 7}. Once again both o f these choices work and 
once they are assigned, our I-magic labeling falls into place.
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These represent all ten of the basic forms for I-magic labelings of the graph T^ . 
Each form has 3! choices for labeling the internal edges and two choices for each of the 
three sets of external edges, which gives us a total of 6  2^  =48 labeling assignments. 
Hence we have that the probability that a random labeling of the graph is I-magic is
^ ^  = 0.00132.
9!
We finish this chapter with an examination of the graph 7^. Since 7] and 7^  have 
the same number o f edges, we can re-use equation (3.3). Thus we have 
A + 4  + 4  = 4 t - 4 5 , with 13< t<17  by Table 2.1.
Beginning with t = 13, equation (3.3) gives us that I x + l j+ h -  3) -  45 = 7.
This leaves us with only the choice {1, 2, 4} for the labels of and (not 
necessarily in that order). First, notice that 1 and 2 cannot be placed on adjacent edges. If 
they were adjacent, then the internal vertex incident with them would need 
13-(1 + 2 ) = 1 0  to be assigned to the remaining incident edge, which is not possible.
Thus we must have {/,, 1^ } = {1, 4,2}.
As usual once these internal edges are labeled the rest of the edges are all forced, 
this time by the magic index. For example, the external edge adjacent to /, and /j is 
forced to be assigned 13 -  (1 + 4) = 8 . Figure 3.12(a) depicts this I-magic labeling, along
with which edges are forced.
We now move on to the case o f t = 17 where equation (3.3) yields 
/, + /2 + /j = 4(17)-45 = 23. As in the case of t = 13, there is only one possible choice for
, Ij, and / j , this being {6 , 8 , 9}. By using the same argument that said 1 and 2 could not
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be placed on adjacent edges for / = 13, we see that 8  and 9 cannot be placed on adjacent 
edges in this graph. Thus we have {/,, Ij, /j} = {8 , 6 , 9}, and once again once these edges 
are assigned, every other edge is forced. Figure 3.12(b) depicts this graph and displays 
which edges are forced.
3 1 4 2 5  5 8 6 9 7
•  H \ r F ‘ ' i i \ %  I *
forced forced
(=) (b)
Figure 3.12 I-Magic Labelings o f with (a) t = 13 and (b) t = 17
Next, we examine t = 14 where equation (3.3) yields +7  ^+ 4  = 4(14)-45 = 11. 
This gives us five choices for {/„ ZJ : {1,2, 8 }, {1,3, 7}, {1,4, 6 }, {2, 3, 6 }, {2,4,
5}. For each of these cases, once we determine how to order Z,, Z^ , and Z3 all of the other 
edges will be forced. The following is a brief explanation for each case of how to order 
their internal edges; Figure 3.13(a-e) depicts these labelings in the order listed above.
For {1,2, 8 } and {1, 3, 7} we have that 1 cannot be adjacent to 2 for the first case 
and that 1 cannot be adjacent to 3 in the second. Either o f these adjacencies would not 
allow us to reach the magic index at the vertex incident with these two edges.
For {1, 4, 6 }, {2, 3, 6 }, and {2, 4, 5} we cannot have 4 adjacent to 6 , 2 adjacent to 
6 , or 4 adjacent to 5 respectively. These adjacencies would all cause us to contradict our
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bijection property. For example, if 4 is adjacent to 6 , then the external edge adjacent to 
both of them would have to be labeled 14 -  (4 + 6 ) = 4.
7 1 8  2 9
T T T . . . . T *6 5 4 3
•  #  \  e f  •\
forced
(a)
5 1 7  3 9
T T
8 6 4 2
4  i  i
forced
(b)
2 4 1 6 3
— T— T— T— T— *
8 9 7 5
à i \  if #\ i
forced
(C)
4 2 3 6 1e----#—#---#---#—
8 9 5 7
forced
(d)
9 8 7 6
forced
(e)
Figure 3.13 I-Magic Labelings o f 7] with t= 1 4 .
Now we examine r = 16 where equation (3.3) yields /, + ^  + ^  = 4(16) -  45 = 19.
This gives us five choices for {/,, l^} : {2, 8 ,9}, {3, 7,9}, {4, 6 , 9}, {4, 7, 8 }, {5, 6 ,
8 }. Following the same techniques, we see that for the respective sets 8  cannot be 
adjacent to 9, 7 cannot be adjacent to 9, 4 cannot be adjacent to 6 , 4 cannot be adjacent to
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8 , and 5 cannot be adjacent to 6 . As in the case o f / = 14, the first two adjacencies would 
not allow us to reach the magic index and the final three would cause us to contradict the 
bijection property. Figure 3.14(a-e) depict these labelings in the order listed above.
1 8 2 9 3
e — # — # — # — # — #
7 6 5 4
i i \  if e
forced
(a)
1 7 3 9 5
• T T T T *8 6 4 2
i i \ i f  i
forced
(b)
7 4 9 6 8e e—# e e e
5 3 1 2
é i \  if •\  i
forced
(C)
9 4 7 8 6
T T T
5 1 2
i  \ i f  i
forced
(d)
\ » t
forced
(e)
Figure 3.14 I-Magic Labelings o f with t = 16.
Our final case o f 7^  is for t = 15. Remember that for 7j this was the only magic 
index possible; however the structure o f 7^  is such that t = 15 is not possible. Using
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equation (3.3) we see that /; + ^  + ^  = 4(15)-45 = 15 (3.4). Now if we label the external
edge adjacent to both /, and with some value, say x, then since Z,, Z^ , and x  are
incident with an internal vertex we arrive at the equation Z, + Zj + x = 15 (3.5).
Subtracting equation (3.5) from (3.4) yields Z3 - x = 0 or x = Z3 . This violates the
bijection property and thus t = 15 is not possible for 7^.
Thus we have a total o f 12 basic forms of I-magic labelings of 7^. Each of these
basic forms has two ways o f labeling the internal edges, two ways of labeling the left- 
hand side external edges, and two ways of labeling the right-hand side; hence we have a 
total of 8  representations for each basic form. Thus the probability that a random labeling
of the graph 7^  is I-magic is = 0.000265.
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CHAPTER 4
ALGORITHMS FOR LABELING CUBIC CATERPILLARS 
In this chapter we develop some algorithms for finding I-magic labelings of 
certain cubic graphs. By using the examples from the previous chapter we can find a step 
by step process for labeling cubic caterpillars. We also are able to use these examples to 
discover, and ultimately prove, the existence of a symmetry that occurs around the magic 
index for all I-magic graphs. We start with Theorem 4.1, which is proved throughout this 
chapter.
Theorem 4.1 All cubic caterpillars are I-magic.
We begin by breaking up all cubic caterpillars into two categories: those with 
q - A k  + \ and those with q = 4 k +3 . We do this for two reasons. First, by doing so, we 
will simplify our algorithms. Without this partition we would need to involve some 
unwieldy equations and in general the methods would be harder to follow. Our second 
reason for partitioning the cubic caterpillars is that some of our algorithms will only work 
for one of the two sets. For example, recall that we were unable to find an I-magic 
labeling with the average magic index for 7^, a cubic caterpillar with q = 9.
Furthermore, we are unable to find an algorithm for the average magic index for 
caterpillars with ^ = 4^ +1 ; however we are able to do so for caterpillars with q = 4 k + 3 .
29
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We start with an examination of cubic caterpillars with q = Ak + \.  We begin with 
an algorithm for finding an I-magic labeling with maximum magic index. Figure 3.12(b) 
depicts a cubic caterpillar with q = 9 which is labeled with the maximum magic index. 
Notice that the smallest 2k, four, integers are assigned to the external edges hanging 
down. This is to be expected; recall from our discussion of bounds in Chapter 2 that the 
maximum magic index boundary occurs when the largest values are assigned to the 
internal edges.
Now, also notice that these smallest four integers in Figure 3.12(b) all occur in 
numerical order from right to left. If we can find a way to “count” all o f the edges, that is, 
if we can find where the next largest integer goes and the next after that and so on, then 
we will have a viable algorithm.
Notice that in Figure 3.12(b) the next integer, five, occurs on the external edge 
adjacent to the edge labeled four. If we then move from left to right we see that by 
skipping an edge we arrive at the next integer, six, and then skipping one more we arrive 
at seven. We see that eight occurs at the first edge that was skipped on the left and then 
nine is assigned to the final edge.
In all, we now have an idea for a conqjlete algorithm: labeling the hanging edges 
in order with the smallest integers, then labeling the top edges by skipping every other 
edge. This is algorithm is easier to see and is depicted in Figure 4.1(a) as a generalization 
of the process and in Figure 4.1 (b) as the specific example with k = 5 .
Notice that this edge assignment is in fact an I-magic labeling. First, it represents 
a bijection from the set of edges E  to the set o f natural numbers less than or equal to q. 
Second, every internal vertex has a sum of 7Â: + 3.
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To prove the second fact, notice that the first internal vertex on the right-hand side 
has a sum of (3k +1) + (4^ +1) +1 = 7Æ + 3. Now consider any two consecutive internal
vertices, and let {x,, x^, x,} be the edge labels incident with the left-hand vertex with x,
and x% the labels of the top edges, left to right, and x, representing the label o f the
“hanging” edge. Let {y,, y^, y,} represent the edge labels incident with the right-hand
vertex with the same ordering.
+1
1 r
3 t + l 4 t  + l
e —
+1 +1
3k 4k
+ 1 +  1
+  1
1’ 1
f 2k + 2 3k + 2 2k + l
1 2 k - l  
---►
2k /
+ 1
+1 +1 +1 + 1 + 1
(a)
16 21 15 20 14 19 13 18 12 17 11
8 10
(b)
Figure 4.1 Cubic Caterpillars with 4k + 1 Edges with Maximum Magic Index.
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First, we see that these two vertices share a common internal edge, so = y ,. As 
we move left to right, our algorithm states that the “hanging” edge label is increased by 
one, so y3 = X3 +1. Also, since x, and y3 have one edge between them, we know that
x, = yj +1. Thus the right-hand vertex can be represented as {Xj, x, -1, X3 +1} and thus
both vertices have a sum of x, + x^  + X3 . Since we picked our vertices arbitrarily we know
that all vertices have the same sum and hence every internal vertex has a sum o f  I k + 3. 
Now we must show that this value is in fact the maximum magic index:
t = I q ^ -15  
Aq-A
First, we use q = Ak + \ to see that each internal vertex has a sum of
t = l k  + 3 =  ^ . So we must show that l q ^ - \ 5
Aq-A
. Let ^  be a real number
such that ^ . Thus we have 5  = ^ (7? + 5)(? -1 ) _ 2« -1 0
4 ^ - 4 4 ^ - 4  A{q -1 ) 4 ^ - 4
Hence it is not difficult to see that 0 < <7 < . Since is an integer and ^  < 1, we
have 7^ + 5 7^^-15 
4 g -4
Next we will find an algorithm for finding an I-magic labeling with minimum 
magic index. Once again we begin by examining our work in Chapter 3, specifically 
Figure 3.12(a). This time the largest numbers are assigned to the “hanging” edges and 
once again they occur in numerical order. So as in our previous algorithm we will find a 
method of “counting” the edges, except this time we will begin with the largest integer 
and “count” our way down.
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By examining Figure 3.12(a), we see that our “counting” method is basically the 
exact opposite o f our previous algorithm. We can begin by assigning the largest integers 
to the “hanging” edges in reverse numerical order from left to right. We then do the same 
“skipping” process across the top edges, counting down by one every other edge. Once 
again this process is easier to see than describe and is depicted in Figure 4.2.
-1
4A+1
-1
-1 -1
1 i w i 1
k + l  1 k+ 2  2
4k
#  #
*•  ►
4 t - l
-1 -1 -1
-1 -1
-1
T r 1
r 2k k 2k + \
2 k +3 2 k +2 / -1
-1 -1
Figure 4.2 Cubic Caterpillars with A k + \  Edges with Minimum Magic Index.
We can see that the total at each vertex is 5k+ 3 = - - - - -  . It is not difficult to
show that 5^ + 7 5q^ + 3 
Aq-A
, and thus we have achieved an algorithm for the minimum
magic index.
We now have algorithms for both the maximum and minimum magic indices and 
we see that they are pretty much mirror images o f each other. Also, if we examine the 
work in Chapter 3 we can see that we have an equal number o f I-magic graphs on either
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side of the average magic index. Thus we see that there is a relationship between magic 
indices around the value ^  •
Theorem 4.2 For a cubic tree with q edges, if there exists an I-magic labeling L with 
magic index of t, then there also exists an I-magic labeling L* with a magic index of
Proof: Since i :  {1, 2 , . . . ,  ^} is an I-magic labeling, it follows that for any
set {Cp Cj, e^} o f three edges incident to the same internal vertex has
T(g,) + Z(g2 ) + 7 ,(^3) = Z. Now, define Z*:£ - >  { 1 ,2 ,.. , ,q} by L*(e) = q -L (e )  + l. 
Then for the set {e,, ^3} of edges incident to the same internal vertex, we have
q — Z(c, ) + l + ^ —Z(c2 ) + 1 + 9~  7 ( ^ 3  ) +1 = 3q + 3—(Z(c,) + Z(c2 ) + ))
= 3q + 3—t
= 2 . ^ - 1
= K - ‘ -
Since the internal vertex was chosen arbitrarily, we have that every internal vertex 
is the same, and thus Z* is an I-magic labeling with magic index 2 t ^ - t .  □
Next we develop our final algorithms for cubic caterpillars with q = 4k+ \.  
Although we are unable at this time to develop algorithms for the average magic index.
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we can come close by finding two algorithms for /„ +1. Then, of course, by using 
Theorem 4.2 we also have two algorithms for L -1 .
Our first algorithm for +1 begins once again with an examination of the work 
in the previous chapter, specifically Figures 3.14(a) and 3.14(b). Once again, we pay 
particular attention to the hanging edges. Notice that in Figure 3.14(a) we have the 
middle integers in numerical order on the hanging edges, and in Figure 3.14(b) we have 
the even integers in numerical order. Also, on both figures, we have the remaining 
integers “skipping” along the top; that is they increase by one every other edge. Figures 
4.3(a) and 4.3(b) depict formalizations of these processes.
In both cases, we see that the sum at each internal vertex is 6 ^ + 4 . Remember
that -  = 6 Z+3. Hence, our algorithm constructs a labeling that has
a magic index o f +1. Now, by using Theorem 4.2, we also have an algorithm for 
-  (L +1) = L - 1 ,  and this completes our work on the case ç = 4A: +1.
The algorithms for the second case when q = Ak + 3 are nearly identical to those 
of the first case. In fact, the processes remain the same, but due to the change in the 
number of edges we have a slight difference for the sum at each vertex. Also, for this 
case, the algorithm that previously gave us ^  + 1  now gives us .
Figure 4.4(a) depicts the algorithm for the maximum magic index labeling of a 
cubic caterpillar with q = 4k+3 . We see that this process is identical to that depicted in
Figure 4.1 (a), but now the sum at each internal vertex is t = l k  + 6 = . However, by
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using a ô  argument we can easily show that
achieved the maximum magic index.
l q  + 3 7 ^ '-1 5  
4 q - 4
, and thus we have
+1 +1
+1 +1
A + l 4 t + l k 4k
+ 1 k + 2 k+3 k+4
#  •  •
►  ►  ►
+ 1 +1 +1
3*+ 2
(a)
+1 +1
+2 +2
+2 +2
IT
2k + l 4k + l 2 k - l  4 k - \
■>  ►
+2 +2 +2
(b)
+2 +2
+2
3 2*+3 1
4 t - 2
+2 +2
Figure 4.3 Cubic Caterpillars with 4k + 1 Edges with /„ +1.
Next we have Figure 4.4(b) which depicts the algorithm for the minimum magic 
index labeling. Once again our process is identical to the corresponding algorithm for
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q = 4k + \ depicted in Figure 4.2. Here we have a sum of t = 5k + 6= , and using
4
another 8  argument we can show that we have achieved the minimum magic index.
+1 +1
+1 +11 ii 11 1f
4*+3 3yt + 2 4/t + 2 3/t + l
+1 +1 +1
+ 1 + 1
(a)
+1
2*4-3 3*4-3 2*4-2
2* 2*4-1 / + 1
+ 1 +1
-1 -1
-1 -1i  it. . . 11. . . 1r
*4-3
4*4-3 4*4-2 4*-kl
#  #
-►  ►  ►
-1 -1 -1
(b)
- 1 - 1
- 1
▼ 1f 1
^ 2*4-1 *4-1 2*4-2
A A A
■ ■
2*4-4 2*4-3 / -1
-1 -1
Figure 4.4 Maximal and Minimal Cubic Caterpillars with 4À: + 3 Edges.
Our final two algorithms are both for the average magic index and are 
depicted in Figures 4.5(a) and 4.5(b). In both, notice that the sum at each internal vertex
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is 6 ^ + 6  = t  and thus we have achieved the value . Notice that by having
the average magic index exactly, we are unable to use the inverse function from Theorem 
4.2 as we did with t^+\.  This is the case since Theorem 4.2 would yield 2t^ - and 
thus we would have the same exact labeling.
+1 +1
+1 +1
i i' 11 r
4*+3 * + l 4*+ 2  k
k + 2 k + i k + A
+ 1 + 1
+ 1
start
3* + 3 1
3*4-1 3* 4-2 + 1
+ 1 +1 +1 (a) + 1 + 1
+2 +2
4 2 + 2
1 1 u 1r
4 * 4 3  2 * 4 1  4 * 4 1  2 * - l
■>  ►
+2 +2 +2
(b)
+2 +2
+2
3  2 * 4 3  1
4* 4 * 4 2
+2 +2
Figure 4.5 Cubic Caterpillar with 4A: + 3 Edges with Average Magic Index.
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In all we now have methods to label any cubic caterpillar with multiple magic 
indices and have therefore proved Theorem 4.1.
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CHAPTER 5
I-MAGIC «-CATERPILLARS 
In this chapter we continue our work on I-magic caterpillars. We have already 
shown that all cubic caterpillars are I-magic and now we will examine caterpillars of 
higher degrees. Once again we will require that all of the internal vertices have the same 
degree. If the degree o f each internal vertex o f a caterpillar is n, then we shall call it an 
«-caterpillar. For the more general case, we have a corresponding definition for an «-tree. 
We must begin by learning some more about the basic properties of «-trees.
Q   I
Theorem 5.1 If G is an «-tree with q edges and p,  internal vertices, then p,  = - — .
« - 1
Proof: Let denote the number of external vertices. First notice that the internal 
and external vertices form a partition of the set of vertices so that p  = pj + p^.'Qy 
Theorem 1.1 we have that q = p - l  and therefore q = P/ + p ^ - l  ■ Since the degree of 
each internal vertex is «, we have that
or
n-Pi+PE=^(Pi+PE-'^)’
so that
PE=(,n-2)-p i+2,
40
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thus since
we have
or
q = Pi+PE~^^
q = Pi+i{n- '2 .)Pi+2)-\ ,
q — I
Corollary 5.2 Let G be an «-tree with p,  internal vertices and q, internal edges, then
Proof: By Theorem 2.3 we have that q, = p,  -1  and thus by Theorem 5.1
we have q, = - —- - 1 . o 
'  « - 1
Theorem 5.3 Let G be a cubic tree with an I-magic labeling with magic index t. Let /,
Q —  1( 1 < / <  -------1 ) denote the distinct edge labels assigned to the internal edges o f G. Then
« - 1
2=1_,
k = \ ;=1
The proof of Theorem 5.3 is identical to the proof of Theorem 2.5 with the 
bounds for changed. We now examine the specific case of « = 4. Theorem 5.1 and
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û — \ ü — 4
Corollary 5.2 give us the respective results p, -  and qj = ^ — . Next we find the 
bounds for the magic index of 4-trees.
Theorem 5.4 If G is an I-magic 4-tree with magic index t, then
5q^ +2q + 2 < t<
7g"-2 ^ -1 3
3 (g -l) L 3(9-1) J
Proof: Notice that from Theorem 5.3, t is minimized by using the smallest 
possible values for the internal edges. Thus we have that:
^ k=\ /=!
or
« r l ,  = < î ± i k + t ,
3 2  '
SO t h a t
2  18
6(q -  \)t > 9(q + 1)^ + ( q -  4)(q -1) = 10^^ + 4^ + 4
or
t> Sq^ + 2q + 2
3(^-1)
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By a similar argument, notice that the maximum value for t is achieved by 
assigning the largest possible values to the internal edges. Hence we obtain:
or
(9 + 1)9 , 5 9  + 7  9 - 4 1  ------
6 ( 9  -1)/ < 9 ( 9  + 1 ) 9  + ( 5 9  + 7 ) ( 9  -  4) = 1 4 9  ^-  4 9  -  26
so that
t< 7 9 ^ - 2 9 - 1 3
3(9-1)
Since t is obtained by taking the sum of integers, we know that t is an integer
itself. Hence we have that 5 9  ^+ 2 9  + 2 <t< 7 9  ^—29 —13
3(9-1) .  3(9-1)
. □
For the average magic index, we once again start by noticing that the expected 
value that any edge would be assigned is . For a 4-tree, each internal vertex has four
incident edges, each of which has an expected value of and thus on average each
internal vertex would have a sum of = 2 ( 9  +1). Therefore for a 4-tree with 9
edges we see that = 2 ( 9  + 1).
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Table 5.1 shows the upper and lower bounds for the magic index t for a 4-tree 
with q edges, as well as the average magic index for each value.
Table 5.1 Bounds for the Magic Index o f 4-Trees
9 Minimum t Average t Maximum t
4 10 10 10
7 15 16 17
10 20 22 24
13 25 28 31
16 30 34 38
19 35 40 45
22 40 46 52
25 45 52 59
28 50 58 66
31 55 64 73
We now move on to finding algorithms for labeling 4-caterpillars with the 
maximum, minimum and average magic indices. Once again our counting methods work, 
and in fact for 4-trees they work even better than for cubic trees. Whereas in cubic trees 
we were required to skip edges along the top, here we can count straight across. Once 
again, the algorithms are easier to understand pictorially, and the algorithms for the 
maximum and minimum magic indices are depicted in Figures 5.1(a) and 5.2(a) 
respectively. Figures 5.1(b) and 5.2(b) depict each algorithm for the case q = \ 9 .
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+1 +1 
^g+5 ^
------------ ► 3 \
► 3 { ►
+  1 + 1
1 ( > 2  1 >
+  1 + 1
+ 1 +1
2 q - i  2 q - 2  \  + 1
+ 1 2g+43 +1 ^  3
q - 4  q - \
I T , .  ~ Y
+ 1 +1
(a)
19
8
18 17
10
16
11
15
12
14 13
(b)
Figure 5.1 Labeling of a 4-Caterpillar with Maximum Magic Index.
Notice that the magic indices from Figures 5.1(h) and 5.2(h) respectively match 
the maximum and minimum values listed on Table 5.1. In general, the two algorithms
yield a maximum magic index / = and a minimum magic index t = . Once
again by using a ô  argument for each case, we can easily show that these match the 
hounds given in Theorem 5.4
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+1 +1 +1 +1
2 q - 22q + \
q - \
+  1
(a)
13'
1 â
» 12 '
2k â
1 11 «
3Ë à
' 1 0 '
4Ë â
' 9 '
5Ë à
p 8 ”
6à II\
19
f  \
18
W %
17
W %
16
W \
15
P IP
14
(b)
Figure 5.2 Labeling of a 4-Caterpillar with Minimum Magic Index.
Our final algorithm for 4-caterpillars is depicted in Figure 5.3(a) and yields the 
average magic index. Figure 5.3(b) depicts the case o f « = 19, and each internal vertex 
sums to 40, which matches the value listed on Table 5.1. Also, notice that the general
case gives a value o f / = = 2{q + 1) = , and thus the algorithm works.
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+1 +1
2 q  + \
+ 1 +  1
14
13
15
12
16
11
1
+1 +1
9 - 1
9 - 1
+ 1 + 1
(a)
17
10
18
9
19
8
(b)
Figure 5.3 Labeling of a 4-Caterpillar with Average Magic Index.
Notice that the maximizing and minimizing algorithms are very similar to one 
another. This suggests that a relationship occurs around the average magic index for 4- 
trees and more generally for «-trees. Theorem 5.5 describes this relationship and can be 
proved by using a similar argument as in the proof o f Theorem 4.2.
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Theorem 5.5 For an «-tree with q edges, if there exists an I-magic labeling L with 
magic index of t, then there also exists an I-magic labeling L* with a magic index of
Through the use of algorithms we now know that we can find an I-magic labeling 
assignment for any 4-caterpillar, and thus we have the following theorem.
Theorem 5.6 All 4-caterpillars are I-magic.
So far we have shown that all cubic and 4-caterpillars are I-magic. The question 
that naturally arises is whether «-caterpillars are I-magic for all values o f « > 4. The 
answer is, in fact, yes.
Theorem 5.7 All «-caterpillars are I-magic for all values « > 3.
The idea behind the proof o f Theorem 5.7 is actually rather simple. By starting 
with an I-magic 3-caterpillar (which we know exists), we can find a corresponding I- 
magic 5-caterpillar, and from there a 7-caterpillar and so on. Similarly, we can start with 
an I-magic 4-caterpillar (which we know exist) and move on to 6 -caterpillars, 8 - 
caterpillars, and so on. Before we actually formalize the proof, the idea for turning an I- 
magic 3-caterpillar into an I-magic 5-caterpillar is shown in Figure 5.4.
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10 17 11 16 12 15 13 14
Figure 5.4 I-Magic Transition from a 3-Caterpillar to a 5-Caterpillar.
Notice in Figure 5.4, we begin with an I-magic 3-caterpillar and transform it into 
a 5-caterpillar by adding two edges to each internal vertex. In this case, we are adding 
eight new edges and correspondingly eight new edge labels: {10, 11, 12, 13, 14, 15, 16, 
17}. Now we take advantage of the fact that 10 + 17 = 11 + 16 = 12 + 15 =13 + 14, and thus 
by grouping the labels in this way, we are able to add the same value to each internal 
vertex. Since we began with an I-magic graph, the internal vertices started with equal 
sums, and by adding the same value to each vertex, they will remain the same.
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Proof of Theorem 5.7: First, by Theorem 4.1 and Theorem 5.6 we have that all 3- 
caterpillars and all 4-caterpillars are I-magic.
Now we show that if all «-caterpillars are I-magic for « > 3, then all (« + 2) - 
caterpillars are I-magic. First notice that:
(? + l)+ («  + 2 - ^ )  = (? + 2 ) + (? + 2 - ^ - l ) = . . .  = (? + ^ )  + ( « + ^  + l)
« - 1  « - 1  « - 1  « - 1
Q 1 Q ~~ 1
Therefore we can partition the set {^ +1, q + 2, .. ., q + 2 - — } in to  sets of two
« - 1  « - 1
such that the sum of each set is the same.
Let G be an «-caterpillar with q edges. Now label the q edges of G with an I-
Q — 1magic labeling assignment. Next add two edges to each of the - —  internal vertices of
« - 1
G, with each set o f edges labeled by a distinct set from our partition of
Cf 1 Q — 2
{^ + 1, q + 2, ..., q + 2 --— }, to formG*, an (« + 2 ) -caterpillar with q + 2 --—  edges.
« - 1  « - 1
Notice that the labeling assignment we have created is in fact I-magic. First, it is a
bijection from the set of edges of G* to the set o f natural numbers less than or equal to
Ü — 1q + 2 -- — , and second the sum at each internal vertex is the same.
« - 1
Since G was an arbitrary «-caterpillar and every «-caterpillar is I-magic, we have 
that all (« + 2) -caterpillars are I-magic. Therefore, all «-caterpillars are I-magic for all 
« > 3 . 0
In conclusion, we now have discovered that all «-caterpillars are I-magic for all 
« > 3. Although we were not able to prove the original conjecture, all cubic trees are I-
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magic; we were able to prove that an infinite subset of cubic trees are I-magic. We were 
also able to develop some methods for finding these I-magic labeling assignments, as 
well as discover some of their basic underlying properties. However, further new 
methods must be developed in order to finish this problem. Also, since we have 
discovered that all «-caterpillars are I-magic for « > 3, a reasonable conjecture might be 
that all «-trees are I-magic for « > 3, but this question awaits ftirther work.
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